We consider a special class of vacuum F (R)-modified gravity models. The form of their Lagrangian is such that the field equations are trivially satisfied when the Ricci scalar is constant. There are many interesting F (R)-models for inflation and dark energy that fall in this class. However, little is known outside the domain of cosmology therefore we aim to explore the class of solutions that are static and spherically symmetric. After some general considerations, we investigate in more detail black hole solutions, traversable wormhole metrics and, finally, configurations that can match the anomalous rotation curves of galaxies.
Introduction
Despite the successful results obtained by General Relativity (GR) in describing the Universe and the Solar System, many open problems remain and it is well accepted the idea that Einstein's gravity may be not the ultimate theory of gravity. The origin of the cosmic acceleration and the nature of the "dark" contents of the Universe is still unknown and can be the effects of some modifications of the Einsteinian theory of gravity itself. In modified gravity the Hilbert-Einstein action of GR is replaced by a more general function of the curvature invariants. The simplest models are given by the so-called F (R) gravity, where the gravitational Lagrangian is a function of the Ricci scalar R instead of just R (see Refs. [1] [2] [3] [4] [5] [6] [7] [8] [9] and references therein for some reviews). With these modifications of the gravitational Lagrangian, some observed features of our Universe, like the early-time inflation or the late-time accelerated expansion, become an effect of the curvature, without the introduction of any dark fluids or special scalar fields. Finally, specific deformations of the usual EinsteinHilbert Lagrangian are motivated by quantum gravitational corrections, which might leave an observational imprint during the inflationary era [10] [11] [12] .
In the context of cosmology, F (R) gravity has raised a lot of interest as it represents a promising alternative to scalar inflation and/or dark energy. This said, if we take for good F (R) gravity, we must ensure that it works also on much smaller scales and energies. For example, in order to verify the consistence of a F (R) theory with the standard Solar System tests, it is important to study the possible deviations from the usual Schwarzschild metric. However, since the equations of motion of F (R) are quite involved, the problem of finding spherically symmetric solutions in F (R) gravity is a formidable task that has attracted a flurry research activity [13] [14] [15] [16] [17] [18] .
In this paper, we consider a special class of F (R)-gravity models whose Lagrangians satisfy two constraints, namely F (R 0 ) = 0 and F R (R 0 ) = 0, where F R denotes the first derivative of F (R) with respect to R and R 0 is a constant (eventually vanishing) value for the Ricci scalar. As we will see below, if a Lagrangian fulfills these requirements then the vacuum equations of motion are automatically satisfied. Note that General Relativity does not belong to this class of theories since its vacuum equations of motion are identically satisfied by any metric with R = 0 but F R (R) = 1.
Looking for models that satisfy these conditions is a strategy that allows finding new solutions to the equations of motion of F (R) gravity without solving them explicitly. We will see that several models for the early-time inflation or late-time accelerated expansion fall in this class of theories. If on one side this models have been deeply investigated at the cosmological level, on the other side there are not many solutions that can describe black holes, wormholes or compact objects in general, including the outer regions of spiral galaxies. Thus, we focus on the class of static and spherically symmetric solutions with constant (or vanishing) Ricci scalar that also satisfy the general vacuum F (R) equations of motion.
The paper is organized in the following way. In Section 2 we introduce our class of F (R)-theories with exact solutions for constant Ricci scalar curvature and we discuss several examples of Lagrangians. In Section 3 we study the black holes solutions. Sections 4 and Section 5 are devoted to the analysis of solutions for traversable wormholes and for the profile of rotation curves of galaxies. Conclusions are given in Section 6.
In this paper, we set κ 2 = 8πG N , where G N is the Newton's constant.
The model Ansatz
The gravitational action of F (R)-gravity in four dimension reads,
where M is a four-dimensional space-time manifold, g ≡ g(x µ ) is the determinant of the metric tensor g µν (x µ ), F (R) is a function of the Ricci scalar R, and L m is the matter Lagrangian. When F (R) = R we recover the Hilbert-Einstein action of General Relativity. The field equations obtained from (1) are
where F R (R) ≡ dF (R)/dR. Also, T µν is the stress-energy tensor associated to the matter contents of the space-time. Some general remarks are in order. First of all, when R = T µν = 0 one expects to recover the Ricci-flat class of vacuum solutions of GR. Therefore, for a generic but viable F (R) model the condition F (0) = 0 is required. In addition, in the presence of standard matter or radiation, one must implement the condition 0 < F R (R) to avoid gravity becoming repulsive. This is evident from the expression of the effective gravitational coupling that reads G eff := G N /F R (R).
A crucial point, at the heart of this paper, is the following: when T µν = 0 the field equations (2) are automatically satisfied if
where R = R 0 is a real positive or negative constant. In the following, we show that looking for models, which fulfill (3) for some values of the curvature R 0 , is reasonable since they can unveil some cosmological scenarios that cannot be described in the frame of standard GR. As a concrete example, let us consider the models
which satisfy the conditions (3) for R 0 = 0. If we identify λ with the experimental value of the cosmological constant Λ, we recover some of the cases of exponential modified gravity discussed in Refs. [19] [20] [21] or Refs. [22] [23] [24] for recent works (for instance, the exponential model in [22] satisfies (3) with R 0 = 0 when A = B and C = 4AD).
Exponential gravity belongs to the class of so-called "one-step models", which reproduce an effective cosmological constant for large values of curvature, while, in the flat limit, they make it vanishing (see e.g. Refs. [25] [26] [27] [28] ). For instance, for the second of models (4), we see that when 1 ≪ R/(2λ), F (R) ≃ R − 2λ and F R (R) ≃ 1 avoiding anti gravitational effects. Instead, R = 0 implies F (0) = 0 and we get the Minkowski space-time of Special Relativity. Note that, because of conditions (3), the above examples admit, as a solution, all metrics such that R = 0. On the contrary, in standard GR only the Schwarzschild solution (or Minkowski) is a vacuum solution of the field equations G µν = 0.
The deviations from the Einstein's theory that take place at large curvatures are interesting in the context of the phenomenology of the primordial Universe. Within this frame, a general class of models which satisfy (3) is given by
which can be conveniently recast as
Here, γ is a dimensional parameter and 2 ≤ n. The linear term reproduces the Hilbert-Einstein part of the action provided
If we assume that γ ≪ 1, the powers of R play a fundamental role only at a curvature of the order of R 0 . However, a potentially very large cosmological constant γ(−R 0 ) n emerges in the action so some mechanism to suppress it at small curvature must be introduced. A simple way to do so is to make the replacement γ → g(R)γ, g(R) being a suitable function of the curvature, in front of (−R 0 ) n . Thus,
where R 0 is given by (7) . The function g(R) must be chosen so that
The first two conditions are necessary to still fulfill (3), while the third condition leads to GR in the limit of small curvature F (R ≪ R 0 ) ≃ R. We further require that
so that F (0) = 0 (and Minkowski space is recovered for vanishing curvature) and F R (R ≪ R 0 ) ≃ 1 so anti-gravitational effects are avoided when matter and radiation are present. Notable examples which satisfy these requirements are
where β , m are positive parameters. These functions represent in fact a sort of extension of exponential gravity (useful in the late Universe) towards the inflationary scenario, since the presence of a large effective cosmological constant at large curvature can drive inflation. When the cosmological constant is suppressed by the mechanism explained above, the Universe gracefully exits inflation to enter the standard radiation epoch governed by Einstein's gravity. Nevertheless, higher curvature terms are still necessary to support the reheating and protect the theory against finite-future time singularities [29] [30] [31] . For these reasons, classes of models of the form of (5) have interesting applications in the phenomenology of the early Universe. For example, the simplest case, with n = 2, leads to the appearence of a quadratic correction to Einstein's gravity. Such a term can support a Starobinsky-like inflation [32] when 0 < γ (the emerging of the cosmological constant eventually fixes the curvature of the de Sitter (dS) solution, unless one does not want to consider asymptotic solutions with R 0 ≪ R), while when γ < 0 the cosmological bounce replaces the singularity of the Big Bang [33, 34] . Moreover, this models automatically solve the field equations for every solution with constant curvature R = R 0 .
Other examples of Lagrangians that satisfy condition (3) and whose implementation makes sense at large values of curvatures R ≃ R 0 are
where γ , β are dimensional parameters. In these cases, the GR limit is found by Taylor expansions for |R − R 0 | ≪ 1.
Modified theories of gravity which reproduce the cosmological accelerations typical of inflation and dark energy are certainly interesting and the models discussed in this section have been thoroughly studied for these cases. As a general feature, they admit every class of solutions with constant Ricci scalar R = R 0 . At the cosmological level, when one describes the homogeneous and isotropic Universe by using the FriedmannRobertson-Walker metric, the most interesting and well-known solutions with zero or constant curvature are the radiation-dominated solution and the de Sitter space-time, respectively.
In the context of static and spherically symmetric solutions, especially the ones describing black holes (BHs), the models described in this Section have not been investigated so it may be interesting to fill this gap. Therefore, in what follows, we will investigate static and spherically symmetric metrics with constant (eventually zero) Ricci scalar as exact solutions of the models discussed above.
Static Spherically Symmetric solutions with constant Ricci scalar and black holes
The metric of a generic static spherically symmetric (SSS) space-time is characterized by two functions of the radial coordinate r only, say α = α(r) and B = B(r). Its general form is
Here, dΩ 2 k is the metric of a constant curvature compact two-dimensional space, the so called horizon manifold with areal radius R = r. Such a space has three different topologies, namely spherical (k = 1), flat (k = 0) or hyperbolic (k = −1). The Ricci scalar curvature reads,
where the prime denotes the derivative with respect to r.
Let us see which kind of SSS solutions with constant R = R 0 can be realized and how these solutions emerge in F (R)-gravity when condition (3) is satisfied. Usually, F (R)-gravity leads to fourth order differential equations of motion. However, if the conditions (3) hold then Eq. (2) in vacuum is automatically satisfied on the solution R = R 0 . At the same time, Eq. (14) with R = R 0 is a second order differential equation that can in principle be solved up to two integration constants.
At first, we will consider the simplest case with α(r) = 0. Eq. (14) with R = R 0 can be easily solved to give
where c 0 , c 1 are the integration constants. The case with 0 < c 1 is equivalent to a topological Reissner-Nordström de Sitter (0 < R 0 ) or Anti-de Sitter (AdS)(R 0 < 0) space-time, with the only but substantial difference that c 1 does not correspond to the charge of an external electric field but is purely an integration constant of the vacuum solution.
The metric that we have found describes a black hole if we are able to locate an event horizon, namely a real positive value r H where the function B(r) vanishes. In addition, we also impose that B ′ (r H ) > 0 in order to have positive temperature and surface gravity. For instance, if we take the spherical case k = 1 and we neglect the contribution from the last term of B(r), when 0 < c 0 the solution (15) describes a black hole. Furthermore, when 0 < c 1 , the Reissner-Nordström black hole exhibits an internal Cauchy horizon with B ′ (r H ) < 0. Recently, it has been demonstrated that such an horizon suffers from instabilities [35] (see also Ref. [36] ), but in our case we are free to choose c 1 < 0 avoiding additional positive roots of B(r). A similar analysis can be extended to the topological cases with k = 0 , −1. Finally, the term R 0 = 0 in (15) is relevant at large distances and describes the asymptotic geometry of the space-time, which can be locally de Sitter or Anti-de Sitter. Note that we need the AdS term with R 0 < 0 when k = −1 in order to preserve the metric signature. In the previous chapter we have seen that the models satisfying (3) with R 0 = 0 typically describe modifications of gravity at large scales of R ∼ R 0 , thus we may treat the corresponding SSS metrics as local solutions in the early Universe (e.g. primordial black holes).
Note that the model F (R) ∝ R 2 admits the solution (15) for every choice of R 0 . The reason is that the field equations (2) are satisfied for the pure dS/AdS solution and the extension to the Reissner-Nordström-like case can be done thanks to the fact that the Ricci scalar, the Lagrangian F (R) and its derivative F R (R) do not acquire any additional contribution [37, 38] . Now, let us consider the class of the so-called Lifschitz-like solutions, namely the ones for which
Here, z is a real number and r 0 is a length scale. Thus, the metric (13) assumes the form,
The solutions to eq. (14) with R = R 0 now are
where
and C ± are the two integration constants. Since (z 2 + 2z + 4) and (z 2 + 8z + 24) are positive defined, K and λ are positive or negative according to the signs of k and R 0 . In order to avoid complex values of B(r), we must impose that
In such cases, b ± vary as
and
As a check, we can see that, if we choose z = 0, we recover the solution (15) previously discussed. Polynomial solutions of the type of (18) may have several real roots, namely they can provide several horizons. Typically, an event horizon which satisfies the condition on the positivity of B ′ (r H ) is followed by a Cauchy horizon with B ′ (r H ) < 0. Thus, if we start with a Cauchy horizon, the second root of (18) will localize the event horizon of a black hole, and the external horizon will represent the cosmological background of the solution. Furthermore, in order to prevent internal instabilities, one should avoid real and positive roots in the internal solution.
In general, the construction of BH solutions with a single event horizon, eventually surrounded by a cosmological horizon, when R 0 = 0, is possible for every choice of the topology. For example, if we neglect the contribution of λ, we can see that for the hyperbolyc topology k = −1 with C ± < 0 a BH event horizon exists only if b ± < 0 and z belongs to the first interval in (21) or (22) . For negative and very large values of z we obtain
and a single BH event horizon is located at r H ≃ K/C ± > 0. Some of this solutions should tempt one to search for regualr BHs. For a recent review on regular BHs see e.g. [39] and references therein.
Moreover, an important remark about the asymptotic behaviour of our BH solutions with the topological choice k = 1 (i.e., the sphere) is in order. We observe that, if we avoid the contribution from the cosmological constant (in fact, we are considering the case R 0 = 0), we could not recover a flat behaviour (in particular, −g 00 = 1). It means that the effects of gravity in our modified theories survive at large distances and may need some phenomenological counterterms. However, some solutions like the Reissner-Nordström metric described by (15) are asymptotically flat as in GR and deserve a special interest.
We conclude this section with a general remark about the thermodynamics of our black holes. To the event horizon of a static black hole we can associate a Killing temperature [40] ,
where κ K is the Killing surface gravity. Furthermore, the entropy of a black hole in a F (R)-gravity theory can be derived by making use of the Wald formula [41] ,
where R H corresponds to the Ricci scalar evaluated on the horizon at r = r H and we have reintroduced the Newton's constant G N . Here, A k is the area of the horizon,
where V k depends on the topology. It turns out that, since for our class of models F R (R H ) = 0, the entropy of the corresponding black holes is null. It means that, despite to the fact that we can associate to these black holes a temperature T K = 0, they do not emit radiation (T dS W = 0) so they are stable.
In the next sections we will extend our analysis to SSS solutions for traversable wormholes and for the fitting of the observed profile of the rotation curves of galaxies.
Traversable wormholes
Traversable wormhole (WH) solutions are realized in the framework of General Relativity by making use of matter sources which violate the weak energy condition [42] [43] [44] [45] [46] (see also Refs. [47] [48] [49] [50] [51] [52] and references therein). In F (R)-gravity the role of antigravitational matter can be played by the modification of gravity itself and a wormhole can be obtained as a vacuum solution of the theory (see for instance Ref. [48] [49] [50] 53] ). In this section we will investigate a class of traversable wormhole solutions with constant or null curvature R = R 0 (eventually, with R 0 = 0) for models satisfying (3). For our purpose we will rewrite the SSS metric (13) as
where Φ = Φ(r) is a new redshift metric function. We should note that in spherical topology with k = 1 and asymptotically flat geometry, the function B(r) is usually reparameterized as B(r) = 1 − b(r)/r, b(r) being the so-called shape function. However, in the context of a modified gravity theory, we relax the condition on the asymptotic flat behavior of the solution and we therefore collect the shape function and the topology inside the generic function B(r).
A traversable wormhole occurs if the radial coordinate is embedded by a minimal radius, the so-called "throat", and no horizons appear. This means that the function Φ(r) must be finite and regular everywhere along the throat. Specifically, the following conditions must be satisfied (see Refs. [44, 46, 47, [54] [55] [56] ):
• Φ(r), B(r) are smooth functions for all r ≥r;
• Φ ′ + (r) = Φ ′ − (r); • B(r) = 0 and B(r) > 0 ∀ r >r;
Here, r =r localizes the radius of the throat of the wormhole. The proper distance is defined by
and the areal radius of the horizon reaches a minimum when l = l(r). The positive and negative values of l correspond to the lower and upper universes connected by the wormhole. Thus, the coordinate time required by a traveler to cross the wormhole between l = −l 1 < 0 and l = +l 2 > 0 is given by,
where v = dl/[e Φ(l) dt] is the radial velocity of the traveler as he/she passes radius r [44] . It is clear that the black hole solutions found in the previous section cannot describe traversable wormholes since the redshift function Φ(r) is singular on the throat (horizon). We should also note that, when Φ ′ (r) < 0, a repulsive tidal force arises, which may make impossible to travel across the throat. The Ricci scalar for the metric (27) reads,
In what follows, we will check for some solutions satisfying the equation R = R 0 by choosing specific functional forms of Φ(r). Let us start with the simplest case Φ(r) = const, namely we consider a vanishing tidal force. The proper time measured by a static observer at r corresponds to the coordinate time t. For simplicity, and without loss of generality, we set Φ(r) = 0. Then, from (30) with R = R 0 we derive
where c 0 is a constant. Thus the g rr (r) component of the metric is the same as in the Schwarzschild-dS/AdS solution. This solution clearly describes a traversable wormhole, being the integral in (29) convergent. For example, if R 0 > 0, we have solutions
Let us consider now the class of models
where z is a real number and r 0 some length scale. The metric (27) becomes
and the equation R = R 0 yields
where c 0 is a constant and
Note that (34) reduces to (31) when z = 0. With the metric (33)-(34) we can describe traversable wormholes for every choice of the topology k, since the metric function Φ(r) is well defined for r > 0 (and therefore for r >r ,r > 0). When b = 2, namely z = ±2, and λ = 0 we get a Morris-Thorne-like traversable wormhole [44] . In this case we have
and the metric reads
where the plus/minus signs correspond to the choices z = +2 and z = −2, respectively. For instance, for the spherical topology with k = 1, the throat of the wormhole is located atr = c 0 /K. Note that K = 1 when z = −2 and K = 1/3 when z = 2.
For the generalization of the Morris-Thorne wormhole solution in the presence of a cosmological constant (here, with R 0 = 0 such that λ = 0), see Ref. [47] . We conclude this section by discussing a 2-parameter family of wormholes. Let us consider the metric
and c 0 , c 1 , R 0 are constant. The parameter k is the usual topological index for the horizon space. One can show that the Ricci scalar is constant and R = R 0 . If c 0 = 0, after a rescaling of the time coordinate, we recover the solution (31) . The topological case k = −1 is meaningless, since the metric will not preserve the signature for large values of r. On the contrary, for k = 0 and c 0 < 0, a traversable wormhole solution may be obtained when c 1 > 0 and R 0 < 0. Finally, for k = 1 a traversable wormhole solution can be realized only if B(r) = 0 when A(r) > 0. For example, if c 0 > 0 (such that at large distance the solution exhibits a Newtonian potential), we must require that A(r) = 0 only if r <r. In the case R 0 = 0 we could have traversable solutions for 0 < 4c 0 < c 1 .
Rotation curves of galaxies
SSS metrics have useful applications in the analysis of the rotation curves of galaxies. In the context of Einstein's gravity, in first approximation, galaxies are characterized by two ingredients: an internal disk composed of visible baryonic matter, and a spherical halo of dark matter. The latter is necessary in order to explain the observed flattening of the rotation curve at large distance from the galactic center. A description of the gravitational active content of galaxies can be found in Refs. [57, 58] . From the phenomenological point of view, they lead to a Newtonian potential which brings to [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] ,
where c 0 , c 1 are positive dimensional constants and φ tot (r) is the total potential given by the baryonic matter potential φ BM (r) and the dark matter potential φ DM (r). Note that the baryonic matter potential corresponds to the classical Newtonian potential, while the dark matter potential is linear with respect to the radial coordinate and reproduces the observed flattening of the rotation curves. If we neglect the behaviour for small r, we can derive the interpolating form [69] ,
c 2 being a positive constant, while at large distances we simply have, − g 00 (r) = 1 + c 1 r .
In modified gravity, dark matter does not correspond to a fluid of particles but rather an effect of the geometry, induced by a deviation from standard GR. Thus, we wish to explore the possibility that the models satisfying the Ansatz (3) reproduce the correct profile of the rotation curves. We consider again the metric with spherical topology (k = 1)
such that the Ricci scalar is constant. In particular, we study the case
which accounts for the contribution of both visible and dark matter as in (41), and the case A(r) = 1 + c 1 r ,
which describes the asymptotic behavior of dark matter only as in (42) . In the first case, one finds that solutions with constant scalar Ricci curvature R = R 0 lead to the following implicit form of B(r),
+8 ln(r)
where c 3 is an integration constant and
In the second case, we get
where c 4 is an integration constant. This solution gets extremely simplified if we consider R 0 = 0 and c 4 = 0,
As we have seen in the second section, F (R)-models satisfying (3) with R 0 = 0 are largely used to reproduce the accelerated expansion of our Universe. Thus, it is remarkable to observe that this kind of models for the dark energy may also take into account the dark matter at the galactic scale providing some simple solutions. In any case, speculations about alternative dark matter models, as the ones described in Refs. [70] [71] [72] or the one shown above, need a careful investigation after the data from the neutron star merging GW170817 [73] (see the analysis in Ref. [74] ). In the specific, the MOND theories are critically questioned, due to the fact that the velocity of the gravity waves is near to the velocity of light. However, the particle matter theories (see for example Ref. [75] ) are still unaffected by the GW170817 (for example, the models in Refs. [70] [71] [72] may actually provide a viable alternative to dark matter).
Conclusions
In this paper, we have studied spherically symmetric solutions in a special class of vacuum F (R) gravity. These solutions are characterized by a constant (eventually vanishing) Ricci scalar and are suitable to describe compact objects such as black holes and wormholes. In addition, they might describe also the anomalous rotation curve typical of spiral galaxies.
The main lesson is that the space of solutions is very large and worth studying since it provides a rich phenomenology. In the case of black holes, the metric is often different from the standard Schwarzschild one thus it is possible to compare our results with Solar System tests and constrain the parameter space. Thus it would be very interesting to carry on these investigations by applying the PPN formalism necessary to this kind of experimental verifications. Similarly, the study of gravitational waves coming from black hole mergers might provide further constrains on the parameters.
As a byproduct of these results, we have found that these models can also mimic the influence of the dark matter halo that is supposed to surround spiral galaxies. Also in this case, there is a potential for fixing the parameters of the theory by analyzing the rotation curves of a large number of galaxy.
Concerning the wormholes, we found few configurations that lead to traversable ones. The conceptual advantage of these solutions is the fact that there is no need for unnatural matter sources that violate GR energy conditions. Nevertheless, as for the black hole solutions, nothing can be said, at this level, about the precise functional form of F (R) except that it must satisfy the constraints F (R 0 ) = 0, F R (R 0 ) = 0. The latter conditions might be the result of some fundamental symmetry of vacuum F (R) gravity that select only the solutions with constant or vanishing Ricci scalar. What this symmetry might be will be the subject of future studies.
